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Abstract-This paper presents a mathematical study of the development and propagation of tension 
shock waves in the topside of long belt conveyor systems. Employing conservation laws for mass and 
momentum we construct a system of nonlinear hyperbolic equations governing the behavior of tension 
and momentum per unit length. An important feature of this construction is the nonlinear relationship 
between tension and overdensity due to the geometric sag of the belt between the idlers. Numerical profiles 
of the tension are computed using the moving finite element method which is especially suited for the 
numerical study of shocks. With our model we believe we have identified two of the sources of the large- 
scale tension shocks which sometimes severely damage such long belt conveyor systems. 
1. INTRODUCTION 
In the operation of long belt conveyor systems sharp “shock” waves can develop which can impair 
the system’s performance and, in some cases, destroy critical components of the system. While the 
dynamics of belt conveyors has been studied by several researchers [l-4], there has been little 
success in modeling and numerically approximating tension shock waves in these belts. We believe 
that with our mathematical model we have identified at least two different scenarios explaining the 
onset of such shock waves. 
The first source identified regards the effect of the geometrical sag of the belt (between the idlers) 
on the acoustic velocity for tension waves traveling down the belt. Because this sag in a region of 
low tension leads to a considerably higher “apparent stretchability” (thus a lower “apparent elastic 
modulus”), the acoustic velocity is considerably lower in a region of low tension than elsewhere. 
Hence, when a high-tension wave enters a region of lower tension it overtakes the slower portion 
of the wave ahead of it and become self-steepening (much as a wave on a beach steepens as it 
moves into shallower water where the wave speed is lower). This is a classic and well-known setting 
in the study of nonlinear waves which can lead to the formation of shocks. 
The second source which we have identified is more conjectural and should be verified by some 
simple friction experiments on existing belts. We replace the usual model of “breakaway” friction 
(which decreases rapidly as soon as the belt starts moving) by a model of “creeping-breakaway” 
friction (which builds up very rapidly with velocity until a certain very tiny critical velocity is 
reached, after which it starts decreasing rapidly as in the traditional model). Thus, if a large increase 
in tension is applied sufficiently slowly to the head end of a belt at rest, a very slow creep of the 
belt allows that tension gradient to penetrate deep into the interior of the belt. If something then 
causes the belt to become “unstuck” at the head end (exceeding the critical tension gradient required 
to give a local creep velocity beyond the critical velocity) this generates a high-gradient tension 
wave propagating down the belt, causing it to become unstuck and releasing the pre-stressed energy 
stored in the belt. This scenario, if it is true, has some obvious lessons for recommended procedures 
for startup of a stopped belt. 
t To whom all correspondence should be addressed. 
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2. MATHEMATICAL MODEL 
Figure 1 depicts a typical overland belt conveyor system. The feed chute is located near the tail 
pulley, the discharge chute located at the head pulley and drive, the belt is supported by passive 
idlers. The belt, which is kept uniformly taut by a vertical gravity take-up and counterweight, is 
strengthened by a carcass of steel cables. Such a system can be several miles long and can transport 
bulk materials such as ore and coal over long distances with great speed and efficiency. It is the 
newer longer belts which seem to experience the greatest difficulty with shocks. 
We assume that the belt is straight with axial measurements taken with respect to an x-axis 
parallel to the belt, with x = 0, x = I at the tail and head pulleys, respectively. We will employ the 
following notation: 
m(x, r) = the momentum per unit length of the loaded belt at x, time t; 
p(x, t) = the mass density per unit length of the loaded belt; 
p0 = the baseline (fully supported and unstretched) mass density; 
r(x, t) = p(x, tj.2 p. = the overdensity; 
T(x,t) = the tension in the belt (in our model this will be a function of overdensity 
alone); 
u(x, t) = m/p is the velocity of the belt; 
F(x, r) = the sum of external drag forces per unit length (frictional forces, gravitational 
forces); 
A, = the belt elastic modulus; 
U o = a critical breakaway velocity. 
All of the above variables, m, p, T, u, are assumed to be the average values averaged over several 
idlers of the belt system. We measure force in kilopounds (klb), mass in slugs and displacement in 
kilofeet (kft). 
We develop a mathematical model by employing one-dimensional conservation laws for mass 
and momentum. For arbitrary points x1 < x2, the rate of change of mass in the interval [.x1.x2] 
is equal to the mass influx at x1 and x2: 
Xl 
I s 
Xl 
P(X, t) dx = m(x, t) = - m, dx 
x1 x1 
or 
(p, + m,)dx = 0. 
HEAD PULLEY 
AND DRIVE 
CARRY IDLER 
FEED 
TAKEUP AND COUNTERWEIGHT 
TAIL PULLEY 
Fig. 1. Main components of a belt conveyor system. 
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For p, m of class C’ and x1, x2 arbitrary this implies 
p,= -m x9 (1) 
which expresses the conservation of mass. For x1 < x2, the rate of change of momentum in [x1, x2] 
equals the momentum influx plus all forces (tension and drag) on the system in [x1,x,]: 
d 
s 
x?. 
dt XI 
m(x,t)dx = mu111 - TI:: - [‘F(x,f)dx 
= - 
I 
X2 ((mu - T), - F} dx, 
Xl 
01 
{m, + (mu - T), + F} dx = 0, 
for p, m, T, F of class C’ and x1, x2 arbitrary. Thus 
m, = - (2) 
which expresses the conservation of momentum. 
We express the external drag force F(x, t) as 
Fk t) = F,(x, t) + F,(x, 0 + F&G tA (3) 
where: 
F, = gp(x, c)sin cp (4) 
is the axial component of the gravitational force on the loaded belt and cp is the angle made by 
the belt with the horizontal direction: 
F, = AK,u(x, t) (5) 
is the Coulomb or rolling friction, AK, is the coefficient of rolling friction; and for the “creeping- 
breakaway” friction F, we have adopted the following simple form: 
F3 = 2AK, 4x9 Wcl 
1 + w, w4J2 
(6) 
Here AK2 is the coefficient of “breakaway” friction and no is a tiny critical velocity. Notice that F3 
rises very rapidly to the maximum value AK, at the critical velocity uo, thereafter it falls rapidly 
to zero as in the more usual models of static friction. 
We now derive the relationship between the tension T(x, t) and the overdensity r(x, t) = p(x, t) - po. 
When the belt (plus load) experiences purely elastic strains 6s/s > 0 (where s is the belt length 
between two nearby points) due to relatively large tensions, the overdensity is related to the tension 
by Hooke’s law: 
~H(x, t) = - p. $ = - 9 T(x, t), 
1 
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where rH is the Hookean overdensity and A, is the Young’s modulus or belt modulus of elasticity. 
However, between the idlers the belt experiences a slight added length and thus a slight added 
overdensity. We make the basic assumption that the sag of the belt is in equilibrium with gravity, 
thus giving the belt a catenary shape along its axial length. Let 0 denote the angle subtended by 
the horizontal and the tangential direction of the belt at the point of contact with the idler. For 
small angles 8 the catenary shape is approximately parabolic, which is in turn approximately 
circular. If we approximate a half-loop of belt by an arc of a circle of radius R then the central 
angle associated with the half-loop is also 8. If the unstretched half-loop is of length L and the 
corresponding half-loop on the arc is L + 6L then L z Rsin 8 and L + 6L z RO (see Fig. 2). A 
simple calculation 
L+~L e -----~- 
L sin e 
implies that the overdensity due to the “geometrical sag”, rG(x, t), is 
6L 
ro=po---,o 
( ) 
e 1 -- 
L sin e 
z poP/6 for small 8, 
FZ ;P, W2T-2, 
where W is the weight of a half-span of belt plus load. 
Thus, the net overdensity due to both the Hookean stress and the “geometrical sag” is 
r(x, t) = rdx, t) + r&k t) 
POW2 = -~T(x,r)+~T-2(x,t) 
1 
= -aT+ bTm2. (7) 
Thus our conserved quantities r and m satisfy the partial differential equations 
(8) 
where F is given by equations (3)-(6) and T = T(r) is the inverse function of the function r = r(T) 
given in equation (7). 
CARRY IDLER 
Fig. 2. Inter-idler belt geometry. 
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When written in matrix form, the quasi-linear system (8) takes the form 
where 
I 
0 1 
A= 
[ 
m2 - 
(r + d2 
+g 2m . 
dr 1 :I r + PO 
The eigenvalues of A are easily found to be real and unequal, A = u + c, where c = J-dTfdr is 
the belt’s local acoustic speed. Thus the system (8) is totally hyperbolic [S]. 
From equation (7) we see that the acoustic speed is a function of tension T alone, 
c(T) = (-dr/dT)-“’ = c,[l + 2(T/7-*)-3]-“2, 
where 
and 
co = a- 1’2 = (A,/pop2 
. 
Note that T* is the tension at which the effects of elastic stretch and geometric sag balance in the 
overdensity relationship (7), and co is the acoustic velocity due to the elastic stretch alone. 
Figure 4 shows that in regions of low tension, where the belt is apparently more stretchable, the 
acoustic speed c(T) is considerably lower. Thus solutions to the system (8) may be self-steepening 
and lead to the formation of shocks as a high-tension wave moves into a region of much lower 
tension. 
Since shocks can be generated by equation (8) in finite time and classical solutions there cease 
to exist, we have to either consider generalized weak solutions of the system (8) or’to add second- 
order diffusion terms such as vr,, and vm,, (with a tiny diffusion coefficient v) to the equations (8) 
in order to smear out the shocks slightly and keep classical solutions. This is what we do in 
equations (9) for our numerical methods. In fact, the weak solutions desired would be the limit as 
v + 0 of the smeared out solutions of the system (8). 
We finally need to assign initial and boundary conditions for our system (8). We assign initial 
T’=(b/a)% 
Fig. 3. Overdensity as a function of tension. Fig. 4. Acoustic speed as a function of tension 
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conditions at t = 0 for both I and m. We assign boundary conditions for the tension T [equivalently 
for r because of equation (7)] at x = 0 and I as a function of time. In our trial runs we always 
keep the tail pulley tension at a constant To (as induced by the counterweight, a good enough 
approximation for our purposes since we are not considering the dynamics of the bottom side of 
the belt): 
T(0, t) = To. 
We assume that the head tension rises smoothly from Tl to a maximum value of T2 given by 
the functional relation: 
T(l,t) = Tl + (T2 - Tl) (h3)2 
1 + (t/toy 
Note that by the characteristic time 2t, the tension has made 80% of the transition from Tl to T2. 
We assume that the momentum m(x,r) satisfies “inflow” and “outflow” boundary conditions at 
x = 0 and x = I, as determined by the momentum equation in system (8) with one-sided x 
derivatives. 
3. NUMERICAL METHODS 
In order to generate solutions without infinitely thin shocks we modify our equations of motion 
by adding small diffusion terms: 
r, = -m, + vr_ 
m,= -($-T)x-F+vmx,. 
i 
(9) 
O<x<I,t>O. J 
Here v is a tiny diffusion coefficient. It is well-known that as this coefficient tends to zero the above 
system (9) can generate absolutely discontinuous shocks of zero thickness. Thus the diffusion terms 
are required to smear out the shock and make it susceptible to numerical computation. 
The numerical solutions of the equations of motion (9) were carried out using the moving finite 
element method (MFE) [6-91. The MFE method is particularly suited to handle nonlinear problems 
which develop shocks or other sharp moving fronts. By allowing the nodal positions automatically 
to concentrate and move with the front (and by employing stiff ODE solvers for the ODES which 
govern both the nodal positions and nodal amplitudes) one can handle such problems with far 
fewer nodes and with far larger time steps than would otherwise be the case. More importantly, 
large-gradient problems can be solved with extremely high resolution and accuracy without the 
large-scale numerical oscillations in the vicinity of the shock which result from almost all fixed- 
node numerical methods. For example, see the large oscillations in the computations of Nordell 
and Ciozda [4]. 
The present computations involve an improved version of the MFE method called “gradient- 
weighted MFE” [lo], using a general purpose one-dimensional code developed by N. Carlson and 
K. Miller. Our calculations were carried out on a VAX 750 computer. 
4. CASE STUDIES 
In each of the following cases we present topside calculations of tension T for a level belt, 30 kft 
long, with the drive pulley at the head only. The baseline mass density of belt plus load is 
p0 = 64 lb/ft = 2 slug/ft = 2000 slug/kft. The rolling friction is linear with respect to velocity and 
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equals 1.2 Ib/ft at the standard operating speed of 12 ft/s. We assume a 10 ft spacing on idlers; this 
yields a geometrical sag weight of about W = 600 lb/loop. In all cases the vertical variable in our 
graphs represents tension, while the horizontal variable represents position along the belt, with the 
tail at x = 0 and the head at x = 30. 
In Cases l-3 we investigate the phenomenon of the formation or nonformation of self-steepening 
shocks due to the nonlinear effect of geometrical sag. 
Case 1 
The belt is initially at rest with a uniform tension of 5 klb. The sag is turned on. The tail tension 
remains at To = 5 klb and the head tension is increased smoothly from T1 = 5 to T2 = 60 klb with 
a characteristic time of 2t, = 4 s. Tension T2 = 60 klb with a characteristic time of 2t, = 4 s. Tension 
profiles are displayed in equal time increments of 1 s from t = 0 to t = 8 s. When high-tension 
waves move into a region of low tension (high sag) we observe the self-steepening of the tension 
waves and the formation of shocks. 
Case 2 
This case is the same as Case 1 except that the sag has been turned off. Notice that we then 
observe no nonlinear self-steepening effects leading to shocks (see overleaf for graph). 
60.00 -- 
32.500 -- 
5.0000 
--+ 
I 
0. 
I 
15.00 ’ 30.00 
CASE 1 Start-up from a low initial and tail-end tension of 5 klb. Shock wave forms because of the 
nonlinear effect of a geometrical sag at this low tension. 
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Case 3 
This case is the same as Case 1 except that the belt begins with a uniform tension of 20 klb. The 
geometrical sag is turned on. The tail tension remains at T’, = 20 klb (as would be given by a 40 klb 
counterweight under the tail end) and the head tension is increased smoothly from TI = 20 to 
T2 = 60 klb with a characteristic time of 2t, = 4s. Because of the relatively large initial tension, 
few nonlinear effects are evident (there are no regions of low tension and high sag-see opposite). 
Case 4 
The belt is initially at its normal operating speed with a uniform velocity of 12ft/s, the tail-end 
tension is TO = 20 klb, and the head tension is Tl = 60 klb. The geometrical sag is turned on. 
Simulating a power loss, the head tension drops to T2 = 20 klb with a characteristic time of 
2t, = 2s. Thus we have created a coastdown scenario which shows how a region of low tension 
can be created in the interior regions of the belt due to a momentary loss of power. 
If the power were then to come back on, the head tension would be increased back up to 60 klb 
much as in Cases 1-3. In that case we could expect to see a high-tension wave moving down the 
belt into these momentarily created regions of low tension. Thus shocks would be created much as 
in Case 1. This scenario shows the dangers of a momentary loss of power. 
60.00 -- 
0. -- 
I 
0. ’ 15.00 
I 
30.00 
( 
‘ 
a 
:ASE 4 A coastdown scenario due to sudden loss of power at the head pulley. This momentarily 
:reates an internal region of very low tension (despite the 40 klb counterweight). Were power to 
esume smoothly, one could expect to see a shock wave moving back into this low tension region 
Is in Case 1. 
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Case 5 
In this case we investigate the second source of near shocks which we have identified with our 
mathematical model. We now turn on our model of “creeping-breakaway” friction. (It has been 
turned off in Cases 1-4, but it would have made almost no difference there.) This friction F, [see 
equation (6)] rises very rapidly as a function of velocity to a maximum of AK, = 2.4lb/ft at the 
tiny critical velocity u0 (which we choose arbitrarily to be 0.1 ft/s), thereafter it falls rapidly to zero 
as in more usual models of breakaway friction. We have added this “creep” to the model because 
we know that sometimes stopped conveyor belts are tensioned up slowly by hand to take out slack 
before starting; this tension gradient somehow penetrates (by a slow creep?) into the interior of the 
belt, despite the fact that its magnitude is much less than the 2.4lb/ft which a pure “breakaway 
friction” model would require. We do not expect this model to be quantitatively correct (or even 
very physically reproducible, even if the simple experiments which we could suggest were performed), 
but we do believe that it is qualitatively correct enough .to give us some insight. 
Initially the belt is at rest with a uniform tension of 20 klb. The geometrical sag is turned off 
but the “creeping-breakaway” friction F, is turned on. The tail tension remains at t, = 20 klb and 
the head tension is made to rise slowly from r, = 20 to T, = 60 klb with a characteristic time of 
2t, = 120s thus modeling the behavior of certain hydraulic transmission systems which attempt 
to start up the belt very smoothly and slowly. We observe that for an initial time period of 41 s 
the slow rise in the head tension does not generate belt motion. Instead, the belt stretches slowly, 
allowing the effect of the slowly increasing head tension to creep into an extensive portion of the 
’ 0. '15.00 '30.00 
CASE 5 Start-up is attempted by increasing head tension very, very slowly. “Creeping-breakaway” 
friction allows this tension to penetrate and slowly prestress the belt. At time t = 41 the 
head end becomes “unstuck”, sending a sharp wave down the belt even in the absense of geo- 
metrical sag effects. 
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belt. Incidentally, during the period of slow creep the tension is satisfying essentially a diffusion 
equation. We have from the second equation in system (8) neglecting the small dynamic effects of 
m2 and m,, that F z 7’.‘.. But for velocities u considerably less than u0 we have from equations (5) 
and (6) that F z F, z (2AK,/p,u,)m. Differentiating this with respect to x, using the first 
equation in system (8) and r = -(p,/A,)T from equation (7), we have the diffusion equation 
7; z (u,A,/2k,)T,,. Finally, at t z 41 s, the rise in head tension becomes sufficiently rapid to cause 
a tension gradient at the head end sufficient to overcome the “breakaway friction” force (this occurs 
at any point where the creeping velocity of the belt exceeds the tiny critical velocity u0 = 0.1 ft/s). 
This sudden breakthrough causes a very sharp wavefront to traverse down the belt, unsticking the 
belt and releasing the potential energy stored in the pre-stressed belt as it proceeds. 
This near-shock behavior occurs despite the fact that the geometrical sag is turned off and that 
every attempt was made to start up very slowly and smoothly. The obvious lesson would seem to 
be that one should attempt to start up by jerking the belt into a very slow motion before speeding 
up gradually. 
1 
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